Journal of Algebra 619 (2023) 383-418

Contents lists available at ScienceDirect

JOURNAL OF

Journal of Algebra

journal homepage: www.elsevier.com/locate/jalgebra

Orbifold diagrams )

Check for
Updates

Karin Baur !, Andrea Pasquali, Diego Velasco *

Cali, 760020, Colombia

ARTICLE INFO ABSTRACT
Article history: We study alternating strand diagrams on the disk with an
Received 18 November 2020 orbifold point. These are quotients by rotation of Postnikov

Available online 15 December 2022

diagrams on the disk, and we call them orbifold diagrams. We
Communicated by David Hernandez

associate a quiver with potential to each orbifold diagram, in
such a way that its Jacobian algebra and the one associated

Keywords: . . .

Postnikov diagrams to the covering Postnikov diagram are related by a skew-
Orbifold points group algebra construction. We moreover realise this Jacobian
Quivers with potentials algebra as the endomorphism algebra of a certain explicit
Dimer algebra cluster-tilting object. This is similar to (and relies on) a result

by Baur-King-Marsh for Postnikov diagrams on the disk.
© 2022 Elsevier Inc. All rights reserved.

1. Introduction

In this article we study orbifold diagrams, i.e. alternating strand diagrams on the disk
with an orbifold point. These are collections of oriented arcs satisfying certain properties,
which we define as quotients by rotation of alternating strand diagrams on the disk (also
called Postnikov diagrams). The latter have been used in the study of the coordinate ring
of the Grassmannian: they give rise to clusters of the Grassmannian cluster algebras, [17],
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or to cluster tilting objects of the Grassmannian cluster categories [10], [4]. On the other
hand, orbifolds have also been related to cluster structures, [15], [5]. In [1], Amiot and
Plamondon construct cluster algebras on surfaces with orbifold points of order 2, and in
their construction skew-group algebras appear naturally. Here we associate quivers with
potentials to orbifold diagrams in such a way that skew-group algebras play a major role.

Skew group construction have been used in representation theory, for example in the
seminal work of Reiten and Riedtmann [16] and of Asashiba [2]. In [11], the authors con-
sider the triangulated disk with one orbifold point of order three. However in their set-up,
the authors do not need skew group constructions because the action considered is free.
The authors obtain a generalised cluster algebra from the Jacobian algebra associated
to each triangulation of the aforementioned triangulated orbifold. Let us point out there
is a well-known relation between triangulated surfaces and certain Postnikov diagram,
see [4, Section 13], first described for the disk by Scott in her work [17, Section 3]. This
relation allows us to expect a generalised cluster structure from the constructions we
give in this paper. We will investigate this in future work.

Our set-up is the following. We start with Postnikov diagrams with rotational in-
variance, i.e. with an action of a cyclic group G of order d, and take the quotient with
respect to this action. We also give an intrinsic definition of such a quotient as a new
combinatorial datum associated to a disk with an orbifold point, and call this an orbifold
diagram. We associate a quiver with potential (Qo,We) to every orbifold diagram O,
with a construction that depends on whether the orbifold point corresponds to a vertex
of the quiver or not. In particular, we give a construction in case the action is not free
on vertices. In Proposition 6.1 we prove that the frozen Jacobian algebras Ap of this
new quiver and the one of the associated Postnikov diagram are related by a skew-group
construction.

We then restrict to the case where the permutation induced by the strands of the
associated Postnikov diagram on the cover is of Grassmannian type (k,n), to use results
from [10,4]. As for Postnikov diagrams, there is an idempotent subalgebra B(O) of the
frozen Jacobian algebra A(O) that only depends on (k,n,d).

Our aim is to realise the frozen Jacobian algebra as an endomorphism algebra of a
cluster tilting object as in the statement in [4, Theorem 10.3]. To do this, we construct
modules over the idempotent algebra B(O) of an orbifold diagram in such a way that
they are the images of the rank 1 modules from [10] under a canonical functor.

Any orbifold diagram determines a collection of such modules whose direct sum is
cluster-tilting objects in a Frobenius, stably 2-Calabi-Yau category. Our main result,
Theorem 6.23, is that the endomorphism ring of this cluster-tilting object is isomorphic
to A(O).

Conventions

We always consider finitely generated left modules and we compose arrows from right
to left. The base field is the complex numbers.
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2. Orbifold diagrams

In this section, we define orbifold diagrams on the disk with an orbifold point.
Informally, these are quotients of rotation-invariant Postnikov diagrams, also called al-
ternating strand diagrams. We start by defining these, following [14].

We write S,, for the symmetric group of permutations of n elements.

Definition 2.1. A Postnikov diagram of type o € S, is a collection of n oriented curves
vi, called strands, on a disk with n marked points on the boundary (clockwise labelled
1,...,n), such that

(1) The strand +; connects the boundary point ¢ with o (i), starting at ¢. The strand ~;
intersects the boundary only in those two (possibly coinciding) points.

(2) There are a finite number of crossings, all between two strands, all transverse.

(3) Following a strand, the strands crossing it come alternatingly from the left and from
the right. This includes strands crossing at boundary points.

(4) If two strands cross in two points A and B, then one is oriented from A to B and
the other is oriented from B to A. This also applies to crossings at boundary points.

(5) If a strand crosses itself other than at a boundary point, then consider the disk
determined by the loop. No strand intersects the interior of this disk.

A Grassmannian Postnikov diagram of type (k,n) is a Postnikov diagram satisfying the
additional condition

(6) The permutation o € S, is given by o(i) =i + k (mod n).
Postnikov diagrams are considered modulo isotopy fixing the boundary.

Remark 2.2. Postnikov diagrams can be reduced as follows, see Fig. 1:
(i) If two strands cross in points A and B such that the region formed by A and B is
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Fig. 1. Pulling strands in order to reduce a Postnikov diagram.

simply connected then we can reduce by “pulling the strands” in a way to remove the two
crossings. Note that one of the points A and B may be a marked point on the boundary;
in that case, only one crossing gets removed.
(i) If a strand crosses itself and if the disk determined by the loop contains no other
strands, the strand can be straightened, i.e. the crossing removed.

Diagrams reduced in this way retain many properties of the original diagram, and so
we will often assume in the following that Postnikov diagrams are reduced.

Since we plan to take quotients by rotations of the disk, an important role is played
by the Postnikov diagrams which are rotation-invariant. These were first studied in [13]
in relation to self-injective Jacobian algebras.

Definition 2.3. A Postnikov diagram of type o € S,, is d-symmetric if it is (up to isotopy)
invariant under rotation by 27”.

Observe that in this case Z4 must act freely on {1,...,n}, and so d | n.

Example 2.4. Fig. 2 shows examples of Postnikov diagrams. The first is of type
o = (13764)(258) € Ss, the second is a symmetric Postnikov diagram of type o =
(194276)(258) € Sy and the last is a symmetric Grassmannian Postnikov diagram of
type (4, 10).

If we start with a d-symmetric Postnikov diagram of order d > 1, we can construct
its (topological) quotient by the cyclic group of order d acting by rotations. This will be
a collection of curves on a disk with an orbifold point of order d. The resulting diagram
is what we will call an “orbifold diagram”.
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Fig. 2. Examples of Postnikov diagrams. Symmetry axes indicated by dashed lines.

We first give an abstract definition of a (weak) orbifold diagram and introduce orb-
ifold diagrams in Definition 2.12. We will then show that orbifold diagrams as defined
through this are the same as quotients of symmetric Postnikov diagrams (Proposi-
tion 2.14).

Notation 2.5. We will use the usual notion of winding number for a closed curve with
respect to a point, but the clockwise direction is for us positive. This is because in the
literature the boundary points are usually labelled clockwise.

Let X be a disk with ng marked points on the boundary (clockwise labelled 1,...,ng)
and an orbifold point € of order d > 1.

Definition 2.6. A weak orbifold diagram of type 7 € Sy, on X is a collection of ng oriented
curves 7;, called strands, on X, such that

(1) The strand ~; connects the boundary point ¢ with 7(i), starting from . The strand
~; intersects the boundary only in those two (possibly coinciding) points, and does
not go through €.

(2) There is a finite number of crossings, all between two strands, all transverse.

(3) Following a strand, the strands crossing it come alternatingly from the left and from
the right. This includes strands crossing at boundary points.

(4) If two strands cross in two points A and B and both are oriented from A to B,
then consider the closed curved formed by following a strand from A to B and
then following the other strand in the opposite direction from B to A. The winding
number of this closed curve with respect to  is not 0 (for an example, see the curves
between the points @1 and Q3 in both pictures in Fig. 7).

(5) If a strand crosses itself, then consider the closed curve formed by following the
strand from a point of intersection to itself. Either this has nonzero winding number
with respect to 2, or it is a simple loop not intersecting any other strand (and thus
can be reduced as for Postnikov diagrams).
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Fig. 3. Two weak orbifold diagrams; 7 = id € S3 on the left, 7 = (13) € S3 on the right.

Weak orbifold diagram is considered up to isotopy fixing the boundary and the centre
of the disk. Weak orbifold diagrams can be reduced like Postnikov diagrams, provided
that strands do not need to be moved across the orbifold point when doing so.

Fig. 3 shows examples of weak orbifold diagrams. Observe that the order d of the
orbifold point 2 does not appear in the axioms: it is part of the datum of the surface.
So we can have the same diagram (picture) for varying orders d.

Remark 2.7. To any weak orbifold diagram O on a disk X we will consider a symmetrised
version of O on the universal cover of 3. This depends on the order of €2, in particular,
the same strand configuration (picture) leads to a symmetrised version for every d > 1.

Definition 2.8. Let O be a (reduced) weak orbifold diagram on 3, assume that 2 has
order d. Draw a simple curve joining €2 to the boundary arc between ng and 1. Then
sym,(O) is the collection of ngd strands obtained from taking d copies of O and glu-
ing them along the copies of the simple curve. We draw the resulting surface as a disk
and label the marked points by 1,2,...,n9,n0+1,...,dng clockwise around the bound-
ary.

By construction, the image sym,(Q) is a collection of n = ngd strands on a disk
(without orbifold points) which is symmetric under rotation by 2. The image symy(O)
corresponds to taking the universal cover of the orbifold diagram O for the surface X
with  a point of order d.

The result is not a Postnikov diagram in general, as it may have “lenses” (pairs of
twice-crossing parallel strands) and self-crossings (compare Definition 2.6 and Defini-
tion 2.1). This is illustrated in Example 2.9 below. If d is large enough, the symmetrised
version sym,(O) of O is a Postnikov diagram, which is d-symmetric by construction, see
Proposition 2.14.

Note that the quotient of sym,(©) under the rotation by 2% is O. We will write

P/d to denote the quotient of a d-symmetric Postnikov diagram under the rotation by
2

d
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Fig. 4. A weak orbifold diagram on X, its 2-fold cover in the middle and its 3-fold cover on the right. Red
dashed lines indicate the fundamental domains/symmetry axes. (For interpretation of the colours in the
figure(s), the reader is referred to the web version of this article.)

Example 2.9. Here we start with a weak orbifold diagram O for 7 = (13) € S3 on X, with
orbifold point € of order d, see first picture in Fig. 4. We consider sym (O) for d = 2
and d = 3.

Let us consider the 2-fold cover in Fig. 4. This is not a good cover of O for two
independent reasons. First, it is not a Postnikov diagram, since it violates condition (4)
of Definition 2.1: the strands crossing at A and B are both oriented from A to B. This
is because the order of the orbifold point (i.e. 2) is too small compared to how much the
strands wind around it. In Definition 2.12 we will precisely quantify how large d needs
to be for the d-fold cover to be a Postnikov diagram.

The second issue is more subtle: the diagram of the 2-fold cover is not reduced, in
the sense that we can apply a reduction move as in Remark 2.2. However, the quotient
of the reduced diagram by the rotation of order 2 is not the same as O (it corresponds
to applying a forbidden reduction move that goes through Q). This issue arises because
the order of the orbifold point is exactly 2. Indeed, the reduction moves are applied to
digons, and those arise precisely from covers of order 2. To avoid this, we will stipulate
that the order of orbifold diagrams is at least 3, which ensures that if O is reduced then
its cover is also reduced.

Finally, the 3-fold cover symg(O) is a 3-symmetric Postnikov diagram: the problems
disappear, since 3 is large enough (as per Definition 2.12) and is not equal to 2.

Let us point out that if we start from a d-symmetric Postnikov diagram on a disk
2
T
a weak orbifold diagram on a disk ¥ with ny points with additional properties, see
Example 2.10.

with n = nogd marked points and take its quotient under the rotation by we obtain

Example 2.10. We start with a 5-symmetric Grassmannian Postnikov diagram of type
(4,10), see Fig. 5. When we quotient by the 5-fold symmetry we get a weak orbifold
diagram on a disk ¥ with a point 2 of order 5 and with 2 marked points. The type of
the image is 7 = id.
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Fig. 5. Taking the quotient under rotation by 27 /5 gives a weak orbifold with a point of order 5; red dashed
lines indicate symmetry axes/fundamental domains.

Fig. 6. A symmetric orbifold diagram P with its quotient /3 on the right.

Example 2.11. Here we have a 3-symmetric Postnikov diagram of type (3,9). Its quotient
by the 3-fold symmetry, on the right, is a weak orbifold diagram on a disk ¥ with Q of
order 3 and 3 marked points, of type 7 = id (see Fig. 6).

We would like to upgrade our definition of weak orbifold diagram by including the
value of d in the datum of the picture, as well as guaranteeing that the d-fold cover is a
Postnikov diagram. The only properties that might fail are (4) and (5) in Definition 2.1.
Since for sufficiently large d these properties hold, we pick the smallest such d.

Let us define some notation. For a strand - in a weak orbifold diagram, consider its
points of self-intersection (including at the boundary). Each of these points P determines
a closed subcurve of v (going from P to itself), which has a winding number w(P)
with respect to Q. We define S(y) to be the maximum of the absolute values of w(P),
where P varies in the set of self-intersections of . If v does not intersect itself we set

S(v) =0.
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Fig. 7. Computing the values of the winding numbers, see Definition 2.12.

Similarly, let 1 and 72 be two strands in an orbifold diagram. Assume that they meet
in two points A and B, and that they are both oriented from A to B. Then consider
the curve formed by following v; from A to B and then 7, against the orientation from
B to A. This is a closed loop and it has a winding number w(A, B) with respect to Q.
Strictly speaking, this is not well-defined as the sign of w(A, B) depends on the choice
of the curve that is taken against the orientation. But we are only interested in the
absolute value of w(A, B): We define L(71,72) to be the maximum of the absolute values
of w(A, B) for all pairs A, B as above. We set L(7y1,72) = 0 if 71 and 72 do not meet as
above.

Definition 2.12. Let X be a disk with an orbifold point € of order d > 1. A weak orbifold
diagram O on ¥ is an orbifold diagram (of order d) if

d > max{max S(v), max L(y1,72)}-
v NFV2
An orbifold diagram on X is Grassmannian if 7 = id and there is an integer 0 < wy < d
such that every strand has winding number w4 or w4 — d. In this case, we say that the
orbifold diagram is of type (k,n), where n = nod and k = ngw,..

Example 2.13. We consider the weak orbifold diagrams from Examples 2.9 and 2.10.

(1) We first take the weak orbifold diagram O on the left of Fig. 7. We want to see
whether the conditions of Definition 2.12 hold. The strand 7; does not have self-
intersection points, w(P;) = 1 and w(Ps) = —1, so S(y1) = 0, S(vy2) = S(y3) = 1.
For the second condition: we have w(Q1,Q2) = 2 and so L(vs,v3) = 2. Since d = 3,
O is indeed an orbifold diagram.

(2) Now we look at the diagram O on the right of Fig. 7. This is a weak orbifold diagram
of order d = 5 and we want to see whether the conditions of Definition 2.12 hold.
We get w(Pll) = 2, ’w(Plg) =1 w(Pgl) = —3, w(ng) = —2 and w(P23) = —1. So
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S(’Yl) =2 and 5(72) = 3. We have w(leQQ) = ]-, w(Ql?Qd) = 37 w(Q17Q4) = 47
w(Q2,Q3) = 2, w(Q2,Q4) = 3 and w(Q3,Q4) = 1. In this case L(y1,72) = 4. Since
=5, O is also an orbifold diagram.

S

Proposition 2.14. Let O be an orbifold diagram of order d > 2, and let P be an s-
symmetric Postnikov diagram (for some s > 1). Then:

(1) symy(O) is a d-symmetric Postnikov diagram.
(2) P/s is an orbifold diagram on a disk with an orbifold point Q0 of order s.
(3) symy(0)/d = O and, if s > 2, sym (P/s) = P.

Proof. Let us begin with (1). First, at every boundary point of sym,(O) there is exactly
one outgoing and one incoming strand, as this is true for O. Moreover, since every point
on a strand can be reached by walking along a strand on O, the same is true for sym,(O),
which means that every piece of curve in sym,(O) is indeed part of a strand coming from
the boundary (i.e. there are no closed strands inside the interior of the disk). So condition
(1) of Definition 2.1 is satisfied. Condition (2) holds by construction, as does condition
(3) since it is local. Let us examine condition (5). Every self-crossing of a strand 7 on
sym,(O) comes from a self-crossing of a strand n of O. Let ' be the subcurve of n
defined by such a crossing, i.e. we start from a crossing point @ and follow 7 until we
reach @ again. Thus 7’ is a closed curve in O. By condition (5) of Definition 2.6, this
either can be reduced or has nonzero winding number. If it can be reduced, so can its
images in sym,(O) and condition (5) is satisfied. So assume that 7’ cannot be reduced.
Then by Definition 2.12, the absolute value of the winding number of n’ is strictly less
than d. Without loss of generality, this winding number w is positive, so 1 < w < d.

Call ¢ the curve connecting 2 to the boundary of the disk in @ which we chose to
construct sym;(O). We may choose ¢ in a way to minimise the crossings with n’. Then
7’ crosses ¢ exactly w times.

So if we follow the image of ' in sym,(O) starting from a chosen lift of the crossing
point @, it will reach another lift of @ in the w-th copy of the fundamental domain,
counting clockwise from the copy where @ is. Since w < d, these two lifts are in different
regions so the lifts of the starting segment and of the ending segment of 7’ belong to
different strands in sym,(O). In particular, the lifts of " do not violate condition (5) of
Definition 2.1.

An analogous argument applied to the closed subcurve associated to two strands
crossing in two points (as in condition (4) of Definition 2.6) shows that condition (4)
must hold as well. We conclude that sym,(O) is a Postnikov diagram, which is also
invariant under rotation by 27“ by construction.

Now to prove claim (2). First, conditions (1)—(5) in Definition 2.6 follow each from the
corresponding condition in Definition 2.1. The inequality of Definition 2.12 follows from
the (converse of) the argument we used for claim (1): the points in P mapping down to
a self-intersection in P/s must be distinct since P is a Postnikov diagram, and so the
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order s is large enough. The same holds for two strands crossing in two points, and so
P/s is an orbifold diagram.
Claim (3) is clear by definition of the operations sym, and /s. O

3. Labels on orbifold diagrams

We will now explain how to associate equivalence classes of subsets of {1,...,n} to
alternating regions of an orbifold diagram, in a way that corresponds to the construction
for Postnikov diagrams from [14].

Let O be an orbifold diagram of order d and of type 7 € Sy,,. To it we associate the
d-symmetric Postnikov diagram sym,(O) as explained before. The latter has n = ngd
marked points on the boundary and has type o for some ¢ depending on 7 and O. For
Postnikov diagrams, the rule in [14] can be used to assign a k-element subset of {1,...,n}
to certain regions delimited by the strands (for a certain k depending on o). We recall
this construction here.

First observe that the complement of the strands of sym,(O) in the disk is a disjoint
union of topological disks, which can each be of one of three kinds. There are boundary
regions, whose boundary contains a segment (of positive length) of the boundary of the
disk, and there are cyclical and alternating regions, depending on whether the strands
adjacent to them give their boundary a cyclic orientation or not. The strands adjacent
to the boundary regions are alternatingly oriented and so we count these regions as
alternating regions. We will assign to each alternating region a label, which is a subset
of {1,...,n}. We do this as follows: every strand divides the disk into two pieces, one
on its left and one on its right (when following the strand in its orientation). A number
i is part of the label of an alternating region if and only if the region is in the left piece
determined by the strand starting at vertex . This procedure assigns a subset of some
constant cardinality to every boundary and every alternating region as when we move
from one alternating region to a neighbouring alternating region we always exchange one
label for another one. If the Postnikov diagram is Grassmannian of type (k,n), then this
cardinality is equal to k. Examples of labels on (symmetric) Postnikov diagrams are on
the left hand side of Fig. 10 and on the left of Fig. 11.

If the Postnikov diagram is d-symmetric, then the labels of two regions related by
rotation by 27” differ by adding ny = n/d (addition on sets is meant pointwise). We
use the labels of sym (QO) to associate labels to the alternating regions of O by taking

equivalence classes of sets of labels under adding ng pointwise (that is, {i1,..., ik} ~n,
{h1,...,hg} if there is j such that {i; + jno,...,ix + jno} = {h1,...,hs}). We use
square brackets to denote the equivalence classes of sets of labels: [i1,. .., ix]n, for the set

{{i1 +jno,i2+jno, ..., ik +jno} | 1 < j < d} where all labels 4; are from {1,2,...,nod}.
Every alternating region of O corresponds to d different alternating regions of sym,(O)
in general (see Remark 3.2) and as such to an equivalence class [i1,...,ix]n, of labels.
We assign this equivalence class to the alternating region, and do this for all alternating
regions of O.
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Definition 3.1. Let O be an orbifold diagram with ny boundary points. Let Z be the
collection of labels of alternating regions of symg;(O) and let ~,, be the equivalence
relation on Z described above. We define Zo = Z/ ~,,,. By the previous discussion, Zp
is the set of labels attached to the alternating regions of O.

Remark 3.2. The equivalence classes [i1, .. ., ig]n, usually contain d elements, correspond-
ing to the d different regions of sym, mapping down to a given region of O. A possible
exception is the central region of O, in case it happens to be alternating: its label is a
single subset which is invariant under adding ng to its elements. In this case we have

[ty iklng = {{i1 .. in} )}

We now give a way to obtain the labels directly from the orbifold diagram, without
going through the associated symmetric Postnikov diagram. We illustrate this algorithm
in Examples 3.6, 3.7 and 3.8.

Algorithm 3.3. Step 1: Let O be an orbifold diagram of order d on a disk with ny marked
points. Let n = dng. Draw a curve v from the orbifold point 2 to the boundary of the
disk which ends between ng and 1 (see Remark 3.4 (1)) such that v crosses the strands
v; transversally and never goes through a crossing of two strands.

Step 2: The curve v divides (some of) the strands into different connected components
which we call segments. We now label these different segments as follows. The strand
v; gets the label i from its starting point to the first intersection with ~y. If ~; leaves
i clockwise (i.e. when leaving i, it appears to follow the boundary in a clockwise way
and the orbifold point is to the right of v; when it crosses ), we subtract ng from the
label, reducing integers modulo n. If ; leaves ¢ counterclockwise, we add ng to the label,
reducing modulo n. The segment between the first crossing and the second crossing is
then i F ng accordingly. We iterate this until all segments of each ~; are labelled. The
labels on the segments of 7; are in {1,2,...,n} since we reduce modulo n.

Step 3: Every strand divides the surface into two regions, one on its left and one of
its right (when following the strand in its orientation). Furthermore, the complement
of all strands is a union of faces, one of them containing the orbifold point, where the
boundary of each face is formed by parts of the strands and where each face is either
cyclical or alternating. To every alternating region which is not incident with the curve
v, we associate the label i + mng if the alternating region is to the left of the strand
segment with label i + mng (for some m € Z).

Step 4: Observe that the alternating regions through which v goes are cut in two if we
open the disc X along . We only associate labels to the region which is counterclockwise
from v (see Remark 3.4(2) below) as in Step 3: such an alternating region gets label
i+ mng if it is to the left of the strand segment with label i + mng (for some m € Z).

Step 5: “Add missing labels”: After steps 3 and 4, every alternating region has a certain
number of labels. This number is constant as whenever we go from one alternating region
to a neighbouring alternating region, we cross exactly two strands, one in each direction,
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Fig. 8. Steps 1 and 2 of the algorithm are illustrated on the left. Steps 4,5 in the middle and the resulting
set of labels is drawn on the orbifold diagram on the right.

so one label gets added and one removed, keeping the number of labels constant. However,
certain elements of {1,2,...,n} do not appear as segment labels (Step 2). Let j be such
a label and let jo be its reduction modulo ng. If the orbifold point € is to the left of
strand v;,, we associate the label j to every alternating region of O. If not, the label j
does not appear in any of the regions.

Remark 3.4. (1) The curve « breaks O open so that it can be viewed to be a copy of the
fundamental domain of sym,(Q), with marked points 4,7 + 1,...,i + ng — 1 along the
boundary (for some ¢ € {1,...,dng}). It is important that + links the orbifold point
with the boundary segment between ng and 1, in order for the algorithm to agree with
Definition 3.1 without further adjustments.

(2) Note that the collection of the labels on all the segments of the strands =; is
multiplicity-free. In general, it is a proper subset of {1,2,...,n}.

(3) Consider an alternating region which is “cut” by ~y. Associate labels to the two halves
of this region (under the cut by 7) according to steps 4 and 5. Let {i1, ..., i, } be the labels
of the region clockwise from «. Then the labels of the other half are {iy +ng,...,i-+no}.

Comparing the above construction with the definition of labels for orbifold diagrams,
we get:

Lemma 3.5. The set of labels for O obtained through Algorithm 3.3 is a system of repre-
sentatives for Io.

We illustrate the algorithm on the three running examples to show how we associate
labels to orbifold diagrams.

Example 3.6. In Fig. 8, we apply Algorithm 3.3 to the orbifold diagram of Example 2.13
(2). Recall that d = 5 and n = 10. The labels to consider in Step 5 are 3,5,10. Only 10
satisfies the condition of Step 5 and will get added to all alternating regions.
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Fig. 9. Steps 1 and 2 are depicted on the left, steps 3 and 4 in the centre and the last step on the right.

%

Fig. 10. The first figure shows the labels of symg3(O), the second figure shows the equivalence classes of the
labels for O under the equivalence relation ~s3.

Example 3.7. In Fig. 9, we apply the Algorithm 3.3 to Example 2.13 (1) with d = 3,
n = 9. The labels to consider in Step 5 are 5,7,9. Both 7 and 9 satisfy the condition and
will get added to all alternating regions.

Example 3.8. We consider the orbifold diagram O of order 3 from Example 2.11 and
want to determine its labels. In this example we have an alternating region around the
orbifold point of order 3. We are going to use Definition 3.1. On the left hand in Fig. 10
we have the labels for the Postnikov diagram syms(Q), the dashed lines indicate three
fundamental regions for the action, namely the rotation by %’T For each alternating
region of the diagram on the left in Fig. 10, we assign an equivalence class of 3-element
subsets of {1,2,...,9} by considering a representative given by the label associated
with the fundamental region containing the vertices {2,3,4} of syms(O) on the right
of the same Figure. Note that all but the region containing the orbifold point have
an equivalence class with three elements, one for each copy of the fundamental region.
The region containing the orbifold point has an equivalence class with just one element
because the corresponding region in syms(Q) is fixed by the action.
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Fig. 11. The quiver Qp for P = symg3(O) from Example 2.9, straightened on the right.

4. Quivers with potentials

Now we shall define a quiver with potential (QP for short) associated to an orbifold
diagram, in order to compare it with the one associated to its cover as in [4, Section 3].

Definition 4.1. Let P be a Postnikov diagram. We associate to it a quiver with potential
(Qp, Wp) as follows. The vertices of Qp are given by the alternating regions of P (recall
that we treat boundary regions as alternating). For any two alternating regions sharing
a crossing, there is an arrow in Qp going through that crossing following the orientation
of the strands. Observe that Qp is naturally a quiver with faces, with fundamental cycles
corresponding to cyclical regions of P. The potential Wp is defined as the sum of these
cycles, with signs depending on their orientations.

Example 4.2. In Fig. 11, we have the quiver @Qp for the Postnikov diagram (with labels)
from Fig. 2. On the right, the quiver is drawn with straight arrows. The potential Wp is

7
E sgn(c;)e; =c1 —ca+c3 —ca+c5 — c6 + c7,

i=1

for ¢; the fundamental cycle of the face indicated by c¢;, taken with + if and only if ¢; is
counterclockwise.

The quiver Qp is called a dimer model with boundary in [4]. We recall the definition
of the (frozen) Jacobian algebra associated to a quiver with potential:

Definition 4.3. Let (Qp, Wp) be the quiver with potential associated to the Postnikov
diagram P. The frozen Jacobian algebra associated to the QP (Qp, Wp) is the completed
path algebra of Q» modulo the closure of the relations given by the cyclic derivatives of
the potential with respect to internal arrows (arrows incident with two faces): Let a be
internal and let ¢; and ¢y be the two fundamental cycles containing o, with sgne; = +,
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sgncg = —. We write ¢; = ac} for i = 1,2. Then 0,Wp = ¢} —c. In other words, for any
internal arrow «, the two paths completing a to a fundamental cycle agree. For example,
in Fig. 11, the arrow 14679 — 12467 induces as a relation that the path of length 2 from
12467 to 14679 is equal to the path of length 3 from 12467 to 14679.

Definition 4.4. Now assume that P is reduced, i.e. no reduction moves such as in Fig. 1
are possible. Then we define the algebra A(P) of P as the (completed) frozen Jacobian
algebra of (Qp, Wp), where the frozen vertices correspond to the boundary regions. If e
is the idempotent corresponding to the vertices of the boundary regions, we also define
the boundary algebra B(P) of P to be the idempotent subalgebra eA(P)e.

We will give an analogous definition of quiver with potential for orbifold diagrams, in
such a way that the frozen Jacobian algebras are related to each other by a skew group
algebra construction. This requires some work.

Definition 4.5. Let O be an orbifold diagram of order d. We associate to it a quiver Qo
as follows. The vertices of Qo are given by the alternating regions of O (including the
regions on the boundary). If the orbifold point € is contained in an alternating region,
we associate to that region d vertices vy,...,vq of Qo. We imagine the v; as lying on
a line orthogonal to the disk above the orbifold point. For any two vertices which are
separated by a crossing of oriented strands, there is an arrow in Qo going through that
crossing following the orientation of the strands. In the case of vertices vy,...,vq (if
present), we draw arrows between each of them and all the neighbouring regions but no
arrows between these vertices.

In case the region containing € is alternating, with an even number r > 2 of arrows
incident with it, then each of the vertices v; has r fundamental cycles incident with it.

The quiver Qo is also naturally a quiver with faces: Its fundamental cycles correspond
to cyclical regions in O which do not involve the orbifold point, together with d copies of
the r cycles corresponding to cyclical regions adjacent to the central region containing
Q, if this region is alternating. Seen as a CW-complex, this quiver with faces consists in
this case of an annulus where the boundaries are given by non-oriented cycles, together
with d disks. These disks are all isomorphic as quivers with faces and their boundary
cycle (which is in general not oriented) is identical to the inner boundary cycle of the
annulus. These boundary cycles are identified with the inner boundary of the annulus,
i.e. the d disks are all glued along one of the boundary components of this annulus, see |8,
Proposition 7.7]. If the region containing Q is cyclical then Qo, as quiver with faces, is
a tiling of the disk.

In what follows, if 2 belongs to an alternating region, we write 051)7 e cl(-r) for the
r fundamental cycles in Qo through v;, for i = 1,...,d. The labelling is done in a way
such that the czm is the unique cyclical region adjacent to the central alternating region
and intersecting the curve ~.
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Note that all the fundamental cycles come with an orientation and hence with a sign:
We set sgn(c) to be 1 if ¢ is a counterclockwise fundamental cycle and —1 if ¢ is clockwise.
Then we can define a potential for the quiver Qo.

Definition 4.6. Let O be an orbifold diagram of order d and let Qo be its quiver. Let C
be the set of the fundamental cycles of Q». We define a potential W» on Q¢ as follows.

o Assume that the orbifold point 2 lies in a cyclical region and let ¢ be the correspond-
ing fundamental cycle. We set

1
Wo = 7 sgn(c)c? + Z sgn(c)c.
c’eC\{c}
(7)

» Assume that Q lies in an alternating region and let C’ the set of all the ¢;”’. Fix a

primitive d-th root of unity ¢. We set

d d
Wo= Y sen(c)e+ > sen(c)e? + 37 ¢Psgn(el”)el".
1=1

cec\c! j#r i=1

Remark 4.7. The above definition of W» depends on the choice of (. However, Theo-
rem 6.23 shows that the frozen Jacobian algebras corresponding to different choices are
isomorphic.

Remark 4.8. The potential Wy of Definition 4.6 is equal, for suitable choices (see the
proof of Proposition 6.1), to the potential W¢ of [8, Notation 3.18] divided by d. It is
also equal to the potential W¢ of [9, Definition 5.3].

Definition 4.9. For an orbifold diagram O, define the algebra A(O) of O as the frozen
Jacobian algebra of (Qo, We), with frozen vertices the boundary vertices. If e is the

idempotent corresponding to the boundary vertices, we define the boundary algebra B(O)
of O to be the algebra B(O) = eA(O)e.

Note that whenever for O, the orbifold point €2 is contained in a cyclic region, we
have a new type of terms in the relations for A(O): In this case, the cycle (or loop)
appears as term c¢? in the potential. Taking derivatives with respect to arrows of this
cycle (with respect to the arrow of the loop) gives a d-fold term in the relations for A(O)
(with this d cancelling out the é coefficient). For the quiver with potential in Fig. 12,
taking the derivative with respect to the loop arrow c gives ¢| = ¢?, where ¢} is the path

[14679)5 — [14789]5 — [12479]5.

Example 4.10. We illustrate Definitions 4.5 and 4.6 on the orbifold diagram O; of order
3 from Example 2.13 (1) with labels in Example 3.7 and on the orbifold diagram Os from
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Do o

[12379]5 [12379]5

Fig. 12. The quiver Qo, associated to the orbifold diagram of Example 2.13(1).

€3 [26810]

[68910] _)

68910),

Fig. 13. The quiver Qo, associated to the orbifold diagram of Example 2.13(2).

Example 2.13 (2) with labels in Example 3.6. The quivers Qp, and Q, are depicted in
Fig. 12 and Fig. 13, respectively.

1
Wo, =—c1+c2+ 503,

Wo, =—c1+ca+c3—ca+ %c‘r’.
Example 4.11. Let us consider the quiver with potential for the orbifold diagram O
given in Example 3.8. Recall that this example is particularly interesting because it has
an alternating region containing the orbifold point. We are going to follow Definition 4.5.
The quiver Qo is depicted in Fig. 14. Note that on the right of Fig. 10 the alternating
region containing the orbifold point got the label [147]3. Following Definition 4.5, the
label [147]3 yields three vertices called vy, vo and vs on Qe, see Fig. 14. Since the
alternating region containing €2 is given by 2 arrows, we have two cyclic regions around
this region /with label [147]3). One is a triangle given by {[124]3, [127]3, [147]3}, the other
one is a quadrilateral given by {[127]3, [147]3, [124]s, [179]3}. We write ¢! (i = 1,2,3) to
denote the three fundamental cycles arising from the triangle at [147]3 and ¢? for the
three fundamental cycles arising from the quadrilateral. These six faces are illustrated
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Cy

Fig. 14. The quiver Qo associated to an orbifold diagram O of order 3 with the orbifold point inside an
alternating region and the fundamental cycles ¢; far away from the orbifold point.

[129]

Fig. 15. The fundamental cycles around the orbifold point on Qo.

in Fig. 15 by different shadings. The labelling of the other faces is given in Fig. 14. We
thus have the potential

Wo =4c¢1 —co+c3 —cq + cgl) + cél) + cgl) — (c?) — C20§2) — cz(f),
where ( is a primitive third root of the unity.
5. Skew group algebras from orbifold diagrams

In this section we recall the notion of a skew group algebra and prove properties which
we will need later. We want to relate the algebras A(O) and B(O) of an orbifold diagram
O with the algebras A(sym,(O)) and B(sym,(O)) of the associated symmetric Postnikov
diagram. In particular, we want to describe endomorphism algebras (see Lemma 5.7 and
Lemma 5.3). This will be a key ingredient for Section 6 where we study the associated
module categories.
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Definition 5.1. Let S be an algebra with an action of a finite group G by automorphisms.
The skew group algebra S« G is S ®c CG as a vector space, with multiplication linearly
induced by

(5@ g)(t © ) = sg(t) © gh
(where s,t € S, g,h € G).

The group G acts on the category mod(.S) (left modules) by twists, that is g(L) = 9L
which is L as a set, with S-action given by s 41, | = g(s)l, noting that for all g,h € G,
we have 9("L) = " L. This gives an autofunctor of mod(S) by letting G act trivially on
morphisms. To simplify the notation, we will write morphisms as f instead of 9f.

There is an induction functor F from mod S to mod(S * G) sending M to FM :=

The category of G-equivariant S-modules mod(S)% is defined to have as objects the
pairs (L, (S"g>gec>= where L is an object of mod(S) and where the ¢, : L — 9L are
isomorphisms satisfying the following:

(1) Phg = Ph © Pg;,
(2) Y1 = idL.

Morphisms in mod(S)¢ are morphisms of S-modules which intertwine the g Precisely,
if (L7 (cpg)gec) and (N, (wg)geG) are in mod(S)“, then a map f : L — N of S-modules

is a morphism in mod(S)¢ if there is a commutative diagram

L$-N

|

9, — 5 9N

for every g € G.

In what follows, we will use the fact that the category of finitely generated S *x G-
modules is equivalent to the category mod(S)Y, as an S * G-module can be viewed as
S-module with a compatible G-action.

From now on, let us assume that G is finite of order d. We will use the skew-group
construction for G and the algebras associated to orbifold diagrams (of order d). On
one hand, we will have modules which are invariant under the group action and on the
other hand modules, which are permuted by the elements of G. In Section 6, we will
use the effect of the F' on modules which are built up from these two types, i.e. we will
need to study the functor F' on a direct sum My & M where My is invariant under the
group action and where M is a sum of isomorphic summands for each group element
(see Lemma 6.14).
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Let My € mod(S) be a module such that 9M o = M, for all g € G.
Then

FMy = | @ Mo, (¢n)nec | = (@ M07(/\h)heG> = D (Mo, (o(h) id)nea),

geG oeG* ceG*

where (Ap)o.o = o(h)ida, and the other entries of A, are zero. This is because the
subset

ze @M, | hz)=oa(h)zy CEP Mo

geG geG

is isomorphic to My as an S-module (intuitively, we are decomposing the regular repre-
sentation into the irreducible characters of G).

Let M; € mod(S) be any module. Define M, = 9M; for every g € G, and M =
@geG M. Then define ¢4 : M — 9M to be the canonical isomorphism that permutes

the summands, i.e. ¢4(My) = 9M 4-15. This makes (M, (gpg)geG) an object in mod(S)€.

As a module over S x G, it is M with b ® g acting by ¢4 0b- ogo;l. We will just write M
for this object of mod(S * G) as well as for the S-module M.

Remark 5.2. Observe that we really mean M as an (S*G)-module, and not F'M. Indeed,
we have FM =2 M®? and in fact M = F M, naturally. As vector spaces, M = CG®c M.

Lemma 5.3. With the notation as above, there is an algebra isomorphism
Endg(Mo @ M) * G = Endg.q(FMy® FM)
which maps any f ® g to

F(My® M) — F(Mya® M)
(s@h)y@m = (s@hg™")® flpg(m))

Proof. We will show that this is a composition of two vector space isomorphisms #; and
05 which we now define. First consider

01 : EndS(Mo ©® M) x G — HOIHS(MO S M,F(Mo S M))

The map 67 can be obtained as follows: we send f ® g € Endg(My @ M) ® CG to the
homomorphism

m = (1®g7H) @ f(pg(m)),
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in Homg (Mo ® M, F(My @ M)). Then consider

05 : Homs(Mo SY M,F(Mo SY M)) — EndS*G(F(Mo S M))

This is the adjunction isomorphism of vector spaces which maps any f € Homg(My ®
M, F(My® M)) to

F(My® M) — F(My® M)
(s@wg)eom = (s@g) f(m)

The composition #5067 sends f®g to (s@h)@m +— (s@hg™)® f(¢4(m)). Furthermore,

the fact that the composition is multiplicative is a direct check. So 65 o 8, is an algebra
homomorphism. O

Now we introduce two homomorphisms of S * G-modules.

Definition 5.4. (1) Let i : FMo ® M — FMy @ FM be the following map:
1
(mo,m) € FMy® M — [ mo, al Z(l ®g)® @, (m)
geG
(2) Let p: FMy @ FM — FMy & M be the following map
mg, Z(sg ®g) ®@mg | — | mo, Z Sq - pg(my)
geG geG

The proof of the following follows immediately from the definition.

Lemma 5.5. The maps i and p are homomorphisms of S« G-modules. Furthermore, their
composition p o is the identity homomorphism.

Next we set e to be the preimage under 63 o 6, of the element i op of Endg.q(F My ®
FM). This is an idempotent in Endg(My @ M) * G because 4 o p is an idempotent of
EndS*G(FMO D FM)

Lemma 5.6. There is an algebra isomorphism Endg.q(FMo® M) = e-(Endg(Mo® M) *
G)-e.
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Proof. This follows using the maps

B : EndS*G(FMoEBFM) — EndS*G(FMo@M)
f pofoi

—
Ba : Ends*g(FMo D M) — Ends*g<FM0 (&) FM)
Iz — iof op

with (810 082)(f") = f" and (B2061)(f) =iopo foiop and since Endg(Mo® M) *x G =
Ends.q(FMy® FM) by Lemma 5.3. O

Then since F'M is isomorphic to MGl as a S*G-module, the algebras Endg.q(FMy®
M) and Endgs(My ¢ M) * G are Morita equivalent:

Lemma 5.7. With the notation as above, we have Endg.q(FMy® M) ~ Endg(Mo® M) *
G.

6. Characterising the algebras arising from orbifold diagrams

In this section we combine the results of the previous sections to characterise the
algebras A(O) and B(O). From now on, we assume that O is a reduced orbifold diagram
on a disk with ng marked points and that its cover sym,;(O) is a (reduced) Postnikov
diagram on a disk with n = ngd marked points. By Proposition 2.14, this is the case as
soon as d > 2. There are examples of orbifold diagrams of order 2 where sym,(O) is also
a Postnikov diagram and the results in this section hold in this case.

Let P be a d-symmetric Postnikov diagram. Let G be the cyclic group generated by
clockwise rotation by 2F. This group acts on both A(P) and B(P) by automorphisms in
a natural way, and exactly this group and its action that we fix when we take skew group
algebras. Before restricting to the Grassmannian setting, we present a general result.

We will use the construction of the quiver with potential of a skew group algebra
given in [8]. For convenience of the reader, we summarise here some points about this
construction. If (Q, W) is a QP and G is a finite group acting on @ fixing W, it is known
by the work of Le Meur, [12], that the skew group algebra of the Jacobian algebra of
(Q, W) is Morita equivalent to the Jacobian algebra of a new QP (Qg, W ). (We will use
~ below to denote Morita equivalence.) Under certain assumptions which are satisfied in
the case of a symmetric Postnikov diagram with G acting by rotations, one can describe
(Qa, Wa) explicitly. The quiver Q¢ was constructed in [16], and the potential W is
defined in [8, Notation 3.18] after making certain choices, notably: a set of representatives
of vertices of ), and a suitable set of representatives of cycles appearing in W. The
potential W depends on these choices (and on the choice of a primitive root of unity),
but the resulting Jacobian algebras are isomorphic.
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Proposition 6.1. Let O be an orbifold diagram of order d. Then we have the Morita
equivalences

A(O) ~ A(symy(0)) * G
and
B(O) ~ B(sym,(0)) = G.

Proof. We will use Theorem 3.20 of [8], with A being A(sym,(O)). We remark this
theorem still works if we replace the usual definition of the Jacobian ideal by any ideal
generated by cyclic derivatives with respect to arrows (see Definition 4.3) provided that
these arrows are closed under the G-action. In particular, the statement immediately
extends to the case of frozen arrows, which we are considering in our definition of A(O).
In our case, the frozen arrows are the boundary arrows, which indeed form a set closed
under the G-action.

Moreover, the G-orbits of the boundary arrows for A(sym,;(O)) correspond exactly
(in the sense of [8, Notation 3.13]) to the boundary arrows of A(O). It follows that even
in our case, it is enough to show that the QP (Q¢, W¢) of [8] is equal to (Qo, Wo), if we
make appropriate choices. The fact that Qg = Qo is clear, as the two constructions both
agree with the general construction presented in [16, Section 2]. This is also illustrated
in Examples 8.1 and 8.3 of [8].

If the central region is cyclical, we are in the special case where G acts freely on the
whole quiver @ of A = A(sym,;(O)) (and hence on A), which means that A x G is Morita
equivalent to the quotient A/G. In particular, the potential W we have defined in this
case makes A(O) isomorphic to this quotient and we are done.

It remains to check that the potential W equals the potential W of [8, Notation 3.18]
(for appropriate choices) in the case where the central region is alternating. Following |8,
§3.2], we choose a set € of representatives of vertices of Q. In order to get the simple
formulas we gave for Wy, we should be careful in how we choose the set £. Let us pick
a simple curve joining 2 to the boundary in O, draw its d preimages under the quotient
in sym,(O), and consider one of the regions bounded by two consecutive copies, see for
example Fig. 10. We pick &£ to consist of exactly the vertices in this region. If the curve
cuts an alternating region in two, we pick the part which is clockwise from the two copies
of the simple curve and inside this region.

We will now introduce some notation borrowed from [8]. Consider a cycle ¢ appearing
in W, say with a scalar a(c). Then there are two possible cases:

o either ¢ does not go through the central region (and all its vertices have trivial
stabiliser),

e or ¢ goes through the central region (and all its vertices except the one corresponding
to the central region have trivial stabiliser).
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Following [8, Notation 3.6], we say that ¢ is of type (i) in the former case and of type
(ii) in the latter (we remark that [8] treats additional cases which do not appear here).
Our construction will associate a summand in W¢ to every G-orbit of cycles appearing
in W (recall that W is indeed G-invariant). By possibly applying the G-action, we can
assume that c is equal to

gt t-1 () gt (az) ay

Io = g (D) ghtth(ly) ——= - ——=g¢"(I1) —— I,

where a1, ..., q; are arrows of @, t1,...,t; are integers, and Iy, - - - , I; are vertices in &.
If ¢ is of type (i), this choice is not unique. If ¢ is of type (ii), then we can also assume
that I; is the label of the central region (and then the choice is in fact unique).
Note that each ¢; is equal to —1,1 or 0 according to whether the arrow «; crosses the
cut «v of step 1 of Algorithm 3.3 clockwise, counterclockwise or not at all, respectively.
The potential W¢ of [8, Notation 3.18] is defined to be the sum of the contributions
of all (G-orbits of) cycles appearing in W, as follows.

o If cis of type (i), then (each o; ® g% is an arrow of Qg and) its contribution to Wg
is

a(c)(o1 ®g") - (e ®g").

o If ¢ is of type (ii), then:
— by our choice, we have t; =0,
— each a; ® g% is an arrow of Qg for i # 1,2,
— for p=0,...,d -1, both oy ® ¢, and g~"2(a2) ® e, are arrows of Q¢, where ¢,
is the element

IS

eu -

d—1
> ¢t
=0

— the contribution of ¢ to W is defined to be

U

-1

a(e)¢™" (a1 @ eu)(97 " (02) ® ) (a3 ® g7) ... (n ® g").
0

=
I

The contributions of the cycles of type (i) to both W and We (where they correspond
to C\ C') are easily seen to agree, so it remains to check what happens with the cycles
going through the middle (those giving rise to the cycles in C’).

The region between the two curves we chose on sym,(O) contains § outgoing and &
incoming arrows to the central vertex, so that » — 1 cycles ¢ corresponding to the cycles
of type (ii) have to = 0. The contribution of these cycles to W is then precisely the same

as the part of the sum with no roots of unity in our definition of Wy. There is exactly
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one cycle ¢ missing, which has t5 equal to £1 depending on whether it is clockwise or
not. By possibly choosing (! instead of ¢, we can make the remaining terms in W and
Weo be equal, proving the first statement.

The second statement follows directly from the first and [16, Lemma 2.2]. O

Let us recall a construction of [10]. Let II,, be the complete preprojective algebra of
type A, _1, with vertices 1,2, ..., n around the cycle and arrows labelled x; : (i — 1) — ¢
and y; 11— (1 —1).

Definition 6.2 (/10]). Let B = B(k,n) be the quotient of II,, by the closure of the ideal
k n—k

generated by the relations = — y

This algebra gives rise to an additive categorification of Scott’s cluster algebra struc-
ture of the coordinate ring of the affine cone over the Grassmannian variety of k-spaces
in C”, by taking the category Fg, of maximal Cohen-Macaulay modules over B, [10].
Furthermore, every Postnikov diagram of type (k,n) gives rise to a cluster-tilting object
for this category, [4] and from the boundary of its endomorphism algebra we recover the
algebra B:

Proposition 6.3 (///). Let P be a Grassmannian Postnikov diagram of type (k,n). Then
B(P) = B°P.

Recall that ng = n/d. We define a quotient of II,,, similarly as above. It will give us
a basic Morita equivalent version of B x G.

Definition 6.4. Let Bg = Bg(no, k,n) be the quotient of II,,, by the ideal generated by
n—k

the relations z* — y
The group G acts on B by letting the generator act by the quiver automorphism
rotating ¢ to i + GCD(n, k). Denote this automorphism by g.

Proposition 6.5. Let é = e;+- - -+ey, be the idempotent in B corresponding to the first ng
vertices of I1,,. Then é®1 is a Morita idempotent in Bx G, and there is an isomorphism
Bs=Z(e®1)BxG(e®1) mapping e; toe; ® 1, x; and y; tox; @1 and y; ® 1 fori # 1,
Ty tor ®gL, and y1 to Ynyr1 ® 9.

Proof. The first assertion follows from [16] since the first ng vertices form a cross-section
of vertices of the quiver of B under the action of G. The explicit isomorphism is a direct
application of [9, Lemma 4.6], observing that y,,41 ® 9= (1®g)(y1 ®1). O

From now on we will freely identify Bg with (6®1)B*G(é®1) using this isomorphism.

Corollary 6.6. Let n = dnyg, let O be a Grassmannian orbifold diagram of order d and of
type (k,n). Then we have that B(O) = (Bg)°P.
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Proof. We have B(O) ~ B(P)*G ~ B°? xG ~ (Bg)°, and both algebras are basic. O
6.1. Modules for the skew group algebra Bg

For the rest of the paper, we assume that O is a Grassmannian orbifold diagram of
type (k,n) and of order d, see Definition 2.12. In particular, kK = now for wy a common
winding number of all strands. Thus its universal cover P = sym,(O) is a d-symmetric
Grassmannian Postnikov diagram of type (k,n). Our goal is to explain the relationship
between the boundary algebras B(P) and B(O) of the two diagrams. By the above results
(Proposition 6.3 and Corollary 6.6), these algebras are isomorphic to (the opposites of)
B and Bg respectively, independently of O and its symmetrised version, so we will focus
our attention on the algebras B and Bg, for which we have a quiver description.

The algebra B and its singularity category have been thoroughly studied, see for
instance [10], [7], [3]. We are interested in carrying out a similar study for Bg.

The element ¢t = ). z;y; is central in B and in fact, Z(B) = C[[t]], [10]. Its image
(e ) (t®1)(é®1) is a central element of Bg.

We are interested in special B-modules, namely the rank one Cohen-Macaulay B-
modules. They give rise to cluster-tilting objects in the category F} ,, of maximal Cohen-
Macaulay modules over B. Furthermore, every object in F , has a filtration by such
modules. These modules are constructed as follows.

Definition 6.7. Let I be a k-element subset of {1,...,n}. Let L; be the B-module given
as a representation by:

o A copy of Z(B) at every vertex. Call 1; the identity of Z(B) at vertex i.
e The arrow z; maps 1,1 to 1; if ¢ € I, maps 1,_1 to t1; otherwise.
e The arrow y; maps 1; to t1; if ¢ € I, maps 1; to 1;_1 otherwise.

Remark 6.8. The module L; is free of rank n over Z(B). It is in fact Cohen-Macaulay
of rank one, and all Cohen-Macaulay modules of rank one over B are of this form for
some I, by [10].

Remark 6.9. By construction, we have canonical isomorphisms 9L; = L;_,,,, where 9M
denotes the twist of M by ¢ in mod(B).

Example 6.10. We recall how the modules L; can be visualised as lattice diagrams ([10,
Section 5]) by presenting Lqa7 for syms(O) of Example 3.8 in Fig. 16.

We want to find analogous modules as the rank 1 modules from Definition 6.7 for the
algebra Bg. Let us write ¢ for the element (6 ® 1)(t ® 1)(é ® 1) € Bg. Let [I],, be an
equivalence class of k-element subsets of {1,...,n} under the equivalence ~,,, of 2{%"}
(these are labels of regions of orbifold diagrams, as introduced in Section 3).
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Fig. 16. The lattice diagram for the module Lio7 for n = 9.

Definition 6.11. Let I be a k-subset of {1,2,...,n} and let [I],, be its equivalence class,
for n = dng. We define a Bg-module as follows. As a vector space, we define

d—1 ng

Ly, = DDl

=0 i=1

where we denote the identities of the above power series rings by 1.. It is enough to
describe the action of the elements e;, x;,y; € Bg on the elements 12. Addition on the
superscripts [ is always modulo ng.

 The element e; maps 1! to 1L
e The arrow x; maps lln’o1 to 1} if 1 + Ing € I, it maps 1%’01 to t1t if 1+ 1Ing ¢ I.
o The arrow y; maps 14 to 151 if 1+ Ing ¢ I, it maps 1} to t15 1 if 1 +ing € I

For i ={2,...,n0}, the x; and y; act as follows:

e The arrow x;, i = {2,...,n0}, maps 1}_; to 1L if i +Ing € I, it maps 1! | to t1} if
e The arrow y; maps 1% to 1L if i +Ing ¢ I, it maps 1} to t1L_| if i +ing € I.

Observe that the definition of Ly, ~does indeed depend on the choice of I € [I],,,
see Example 6.12 below. So this seems not well-defined at first sight. However, we will
show in Lemma 6.14 that different choices of representatives for [I],, result in modules
which are canonically isomorphic, cf. also Remarks 6.15 and 6.18.

Example 6.12. We illustrate Definition 6.11 on Example 3.8. Let ng = d = 3 and so
n = 9. The quiver with potential of the above example is described in Example 4.11.
Recall that [147]5 = {{1,4,7}} because the corresponding alternating region contains
the orbifold point. All other equivalence classes contain three 3-subsets of 9. In Fig. 17
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and Li47g), with their layers coloured.

we give the modules Ly, and Ly, for I = {1,2,7} and J = {1,4,5} as lattice diagrams
(similarly as for the rank 1 modules for B in [10, Section 5]). Note that [127]3 = [145]s.
Fig. 18 gives the top part of the three different modules L127),, Lj145), and Liszg), as
lattices on the three columns for the three vertices of the algebra B¢, with the layers
[ =0, = 1,1 = 2 in different colours. The vertices and arrows outside of the middle
region are repeated as empty circles and dashed arrows to the left and right.

We define a C[[t]]-linear map ¢ from Ly, t0 Lir1n,),, Where I +ng is the k-subset
obtained from I by adding ng to each element of I. The map ¢ increases the label [ by
1 modulo d, i.e. we set: ga(lé») = 1?‘1 for ] <d—1 and cp(l?_l) = 1?.

We claim that this map ¢ is a Bg-module homomorphism:

Remark 6.13. Let I be a k-subset of {1,2,

.,n} and [I],, its equivalence class for

n = dng. Note that ¢ + (I + 1)ng € I + ng if and only if i + Ing € 1.

Lemma 6.14. Let I be a k-subset of {1,2,...
dng. The map ¢ induces an isomorphism L

,n} and [I],, its equivalence class for n =
o = Lirtngl,, of Ba-modules.
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Proof. First, we check ¢ is a homomorphism of Bg-modules. To ease the notation, let
J = I+ ny, and so by Remark 6.13, i + Ing € J if and only if i + (I — 1)ng € I for any
ie{l,...,no}, 1 =0,...,d—1.

We have:
e Foreveryie€ {1,...,n0},
15 i =g
61@(12) = ! .
0 otherwise
]_l. _ ]_l,+1 if i = i
Lp(ei]-é'): 90( j) j I ? 75
©0(0)=0 if i # 7.

e Since z1 12 = 0 unless j = ny, it is enough to consider the effect of 21 only on gp(lﬁjol):

17 ifl4ing e d

rip(1h) = o1, =
0 Ot it +ing g J

Attt df1+(-mnoel
1 i1 (I —1)ng ¢ 1
= @(mlliz_ol)’

o and the effect of y; on p(1471):

- 1 1f1—|—ln0§§J
y1p(1y {11 )

ifl+ingeJ

ot i (I—-ne ¢ 1
1t ifi4 (I—1)ng eI

= oyl ).
e Forie€ {2,...,n0}, the effect of z; on p(1L_,) is:
I if i (I+1)ng € J
zip(ll_)) = z;111] = a1 o o
t1t i+ I+ 1)ng ¢ J

ittt ifiting el
t1 i i ing ¢ 1

= @(xilé—l)-
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e Forie {2,...,n0}, the effect of y; on (1) is
1 ifi (41 J

wptth =y = g, e ?
1t if i+ I+ 1ng e J

1t fiting gl
1 if i ing €T

= p(yi1).

For the bijectivity, we note that ¢ permutes the generators of the modules and that
the generators freely generate the modules over the centre. 0O

Remark 6.15. By Lemma 6.14, the module L[I]"O is well defined.

Remark 6.16. As we have mentioned, from the definition it is clear that 2;y; maps 1} to
tlé, so calling all the variables in the power series rings in Definition 6.11 ¢ is justified.

We want to relate the Bg-modules Ly, ~to the B-modules L;. For this, we need to
introduce some notation. The map B — B * G given by b — b ® 1 induces a functor
F = (B*G)®p— from mod(B) to mod(Bx*G). There is an equivalence j* : mod(B*G) —
mod(Bg) given by

JF=(€®1)B*GQ®pswg —

using the isomorphism of Proposition 6.5 where é = e; + - -+ + e, is the idempotent of
the first ng vertices of II,,.

We aim to prove that L[I]no > j*F(Ly). Let us do some preparation. As a B-module,
(B x G) ®p Ly is generated by the elements (1 ® ¢g') ®p 15,. This in turn implies that
the Bg-module j*F (L) is generated by elements of the form (e; ® ¢') ® g 1;,. However,
these elements are nonzero (if and) only if h = g~!(i). We are left with considering the
elements (e; @ g') @p 14-1(;), for i € {1,...,no} and I € {0,...,d — 1}. Observe that ¢
(which again we use as notation for (6 ® 1)(t ® 1)(é ® 1) as well as for Y%,
quiver description of Bg) is in the centre of B¢, so that as a C[[t]]-module we have a
decomposition j*F(Ly) = 212—01 @2, C[[t]]. It is therefore natural to define a map of
C[[t]]-modules ¢ : Ly, — j*F(Lr) by setting

x;y; in the

P(1}) = (i@ g7") @B L)
Lemma 6.17. The map ¢ : L, — j*F(Ly) is an isomorphism of Bg-modules.

Proof. The strategy is the same as in the proof of Lemma 6.14. First of all, ¥ permutes
the free generators of the corresponding modules, giving the bijection.
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To see that 1 is a Bg-module homomorphism, we check that e;, x;,y; in Bg act
on 12 in the same way as the corresponding elements in (¢ ® 1)(B *x G)(é ® 1) act on
(e; @ g7") @B 141y by left multiplication. Note that g'(j) = j 4 Ino.

As before, for the action of x;, we will restrict to j = ¢ — 1, for the action of y; to
j=1.

We have:

e Forevery i€ {1,...,n0},

®1)(e; ®97") ®p Ly ()
eie; g )®Bl gt ()

(e @ 1)9p(15) = (e
= (

(ei®g ) @plyy ifi=j

otherwise

o

{w if i = j;

0 otherwise

¥( elll

e Forie{2,...,n0} (and j =i —1),

(2 @ DYp(1j_y) = (2 ®1)(eir1 ® g™ ©p g1y
= (2 ®g7") @B L(i—1)4ing
=(e;®g N () ®1) @B 1(i—1)+in, (using Definition 5.1)
now ¢'(z;) ® 1 = 2i41n, ® 1 is in B and we can pull it across ®p to get

Lijin, ifi+Inge€l;
=(e@g o T "
t1i+ln0 if ¢ + l’flo ¢ I

B P(1l) ifi+ing € I
S\l ifiting ¢l
:1/’(1”1‘12—1)-

e Forie{2,...,n0} (and j =),

i@ DY) =@ (e;®g ) @B lyuy =i ®97") @5 Litin,
=(6-1® gfl)(gl(yz’) ®1) ®B Litin,

1(i—1)+lno if i+ lno ¢ 1
tl(i71)+ln0 ifi+ingel

=(ei-1® g_l) ®B {
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YAl ifiding ¢
Y1) ifiting el

"/)(yzll

o Finally, for i = 1 and j = ng, recalling that x; € B¢ maps to 1, @ g~ € (6®1)B *
G(é ® 1) via the isomorphism of Proposition 6.5,

(2109 WAL) = (2109 )(en, ®9 ") ®p 1yi(ng) =21 ®g !

=(e1®g """ (21) ®1) ®B Ly 1yn,
=(e1®g !

®B 1(41)n,

) ®B T14(14+1)no L(14+1)n0

1gl+1(1) if 14+ (l + 1)n0 el

-1
=(e1®g &
(ex ) @5 {flgl+1(1) if 14 (l + 1)n0 ¢ I

vty i1+ no el
T\ it 14 (4 Ding ¢ T

= (a11l,)

o and to check y;, we only consider j = 1, recalling that y; maps to yp,+1 ® g €
(6 ®1)B* G(é®1) via the isomorphism of Proposition 6.5,

l

Uno+1 @ 9Y(11]) = Wno+1 © 9)(e1 ® g7 ®B 11y = Wnes1 @9~ ®B Li4im,

—l+1)(

= (eno ®g gl_l(yno+1) ®1)®p 11 4ing

—l+1)

= (eno ®g ®B Yi+ing 11+ln0

11y, ifl+ing &¢I
— (eny @ g @ 90 0
tlglfl(no) if 1 —+ lTLO cl

~Je@lt) ifl4ing 1
Y(t1lt) if 14ing €[

=¢(ylh). O

Remark 6.18. Since F'(M) = F(9M) for any M € mod(B), we recover that the modules
Ly, are well defined (cf. Remark 6.15).

Lemma 6.19. If [I]n, # [J]n, then Ly, % Ly, -
Proof. Assume that Ly, = L), . By Lemma 6.17, we have that j*F(Ly) = j*F(L,)

hence F'(Ly) = F(Ly). This implies that Ly = 9L ; for some g € G. We conclude that I
and J differ by a multiple of ng and so [I],, = [J]n,- O
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Corollary 6.20. Let I and J be k-subsets of n = dng. Then Ly
Llng = [J]no-

=Ly, if and only if

0

6.2. The algebra A(O) as endomorphism algebra

Let now Tp be the B-module defined by

Tp = @Ll.

IeT

Since P is d-symmetric, it is invariant under rotation by ng steps. It follows that Tp =
9T p, since L;_,, = 9L;. As the labels correspond to regions on the disk, they either
come in orbits of length d (i.e. are acted upon freely by G) or are fixed, and there can
be at most one fixed label (the label of the central region, if it is alternating).

Definition 6.21. Let O be an orbifold diagram on a disk with ng points. Let T» be the
Bg-module defined by

To = EB Li,,-

[Ing€Zo

We need some more notation. Let Ty = L for the label I of the central region of P,
if it is alternating, and To = 0 otherwise. The group G acts freely on Tp \ Ty, and we
call T, a chosen cross-section of this action. Finally, we call 754 = Ty @ Tp.

Lemma 6.22. We have Tp = j*F(Tr).
Proof. Use Lemma 6.17 and Definition 3.1. O
Theorem 6.23. With the above notation, we have A(O) = Endp, (To).

Proof. By Proposition 6.1, we know that A(O) is Morita equivalent to A(P) * G, where
the action of a generator is given by rotating ng = GCD(k,n) steps clockwise. We recall
the isomorphism A(P) = Endg(Tp) from [4, Section 10]. This isomorphism arises from
sending every arrow « : I — J in Qp with I, J vertices of P to the (injective) minimal
codimension map L; — L (sending the lattice diagram of the module L; as high up as
possible into the lattice diagram of Lj). As P is d-symmetric, if « : I — J is an arrow
between two vertices which do not correspond to the central region, it appears with
d — 1 “rotated” copies: there are arrows «,, : I + mng — J +mng for m =0,...,d—1
where oy = «. Similarly, if I corresponds to the central region, there are arrows «,, :
I —- J+mng for m =0,...,d —1 or if J is at the central region, there are arrows
Q2 I +mng — J for m = 0,...,d — 1. With the action by twists on Endg(Tp)
as in Section 6.1, the isomorphism A(P) = Endp(Tp) is G-invariant. We get then an
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isomorphism A(P) *x G = Endg(Tp) * G. Now we can apply Lemma 5.6 and Lemma 5.7
to Mo M =Tp :To@F(T;;), so M, :T7/;,
We obtain a Morita equivalence

Endp(Tp) * G ~ Endpoa(sye (F(To) ® F(Tp)) = Endpeacsye (F(TH4)

The latter is in turn Morita equivalent to Endp.q(F(T5?)) and then to
Endp, (j*F(T5?)), since both E and j* are equivalences. Finally, by Lemma 6.22,
the latter equals Endp,, (To). We have proved that A(O) ~ Endp, (To). The statement
follows since both algebras are basic (the latter by Lemma 6.19). O

Remark 6.24. We conclude with a remark motivated by the following question: in [4], the
dimer algebra A is shown to be isomorphic to the endomorphism algebra of a module T,
which is a cluster tilting object in a Frobenius, stably 2-Calabi-Yau category. Is the same
true in our case? By results of Demonet ([6, §2.2.4]), it is indeed the case that the skew
group category CM(B) * G of the category of Cohen-Macaulay B-modules is Frobenius
and stably 2-CY, and our module T does lie in it. Moreover, F' maps G-invariant cluster
tilting objects to cluster tilting objects, so indeed Tp is cluster tilting. We note however
that we do not have a direct description of the category CM(B) * G as (equivalent to) a
subcategory of mod(Bg).
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